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We describe a new method-chronocyclic tomography-for determining the amplitude and phase structure of a
short optical pulse. The technique is based on measurements of the energy spectrum of the pulse after it has
passed through a time-frequency-domain imaging system. Tomographic inversion of these measured spectra
yields the time-frequency Wigner distribution of the pulse, which uniquely determines the amplitude and phase
structure.

There exist several methods for determining the
amplitude and phase structure of ultrashort optical
pulses.'- 4 All of these involve nonlinear correlation
processes and therefore benefit from having pulses of
reasonably high peak intensity. Many techniques
require the use of deconvolution and/or iterative
inversion algorithms, and for some pulses this may
lead to ambiguity in reconstructing the electric field.
In related developments, the analogy between temporal pulse shaping [by use of dispersive delay lines
(DDL's) and temporal phase modulators] and spatial
beam shaping (by use of lenses and spatial propagation), first pointed out by Treacy,5 was recently
developed by Kolner and Nazarathy into the idea
of a time lens.6 In a time lens, a time-dependent
optical system focuses ultrashort optical pulses into
a narrow time window. Such a system was recently
demonstrated by Kauffman et al.,7 who also used it
as a time-to-frequency converter for measuring the
intensity versus time of an optical pulse without the
need for a high-speed photodetector.8
Here we point out that, by proper analysis of the
data that can be collected by such a time-to-frequency
converter system, both the amplitude and the phase
structure of an ensemble of optical pulses (or, in
principle, a single pulse) can be obtained. This is
achieved by use of a tomographic reconstruction
method in the time-frequency domain. Because
the method directly determines the time-frequency
Wigner distribution, we adopt the term chronocyclic,
following Paye,9 and refer to our overall procedure
as chronocyclic tomography. An advantage of the
method is that it does not require the use of
deconvolution and/or iterative inversion algorithms.
To understand how the time-frequency converter
may be used to construct the Wigner function,
consider a short optical pulse with a complex electricfield envelope E(t) that passes through a DDL
(Refs. 5 and 10) and then passes through an rf timedependent phase modulator.6 The action of the DDL
is to multiply the input field spectrum E(wo)(Ref. 11)
by a frequency-dependent factor G(Ow)
= exp[- i b(w)].
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We will approximate the phase factor of the DDL
by using 0 (c) = I'm + (1/2)0</'w2 , where X,
is the propagation time of the pulse through the
DDL and ai, is the dispersion (the derivatives are
evaluated at the pulse center frequency w = ai). We
have dropped the constant term in +(w) since it
corresponds to an unimportant overall phase shift.
A grating-based DDL can be well approximated by
a quadratic phase shift and can be adjusted to have
either positive or negative dispersion.'0
The temporal phase modulator acts on its input
field Ein(t) in the time domain by multiplication with
the phase-shift function M(t) = exp[i(D(t)]. We will
also approximate this phase shift as quadratic, i.e.,
4>(t)= (1/2)(D-(t - T)2,where Yis the time of zero
phase shift and IDt"is the second derivative of the
phase 4>(t) with respect to (scaled) time evaluated
at time i. Such a phase shift can be approximately
generated by using an electro-optic phase modulator driven sinusoidally at rf (gigahertz) frequencies
and using a time window near an extremum of the
modulation.' Because the action of the phase modulator depends on the arrival time of the pulse, it is
useful to have a dispersionless delay line that adjust
this arrival time. We assume that this delay line
cancels the effect of the linear term 4b-'in the phase
of the DDL; this also permits us to take i = 0.
The spectral function of the field after the temporal
modulator is a convolution of the input spectral function with the frequency-domain phase-shift function,
given byM(co)

(i/4Dt')"/2exp(-iW 2 /24c,").

The com-

bined action of the DDL and temporal modulator on
the field E(w) is thus to produce an output spectral
function
Rout(w) = (i/27rD-F')Sexp(-i&)2/2z(D/')

xf

exp -i[- c &'/(jt"

+ 2 (0q-"+ 1/(V")w 2 ]}E(w')dw'.

(1)

Taking w to be equivalent to the spatial coordinate,
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Eq. (1) has the form of a Fresnel integral describing
the passage of an input field through a thin lens
and then propagating through free space. Within a
phase factor, the Fourier transform of E(@) [i.e., E(t)]
is obtained when terms quadratic in w' cancel, i.e.,
when X," + 1/4k" = 0. Adjusting the magnitude
of the temporal phase modulation and measuring
the energy spectrum (JE0("t(W)J 2) (where the brackets
indicate an ensemble average) by use of a spectrometer and an integrating detector then accomplishes a
measurement of the temporal intensity of the input
pulse, after proper scaling of the c variable.8
2
By measuring (IE2
00 (J)I ) at many different values
of 0k.,"+ 1/CDT",
one can actually obtain all amplitude
and phase information, i.e., E(t), for an ensemble of
identical pulses or, in the case of a stochastically fluctuating ensemble, the two-time nonstationary correlation function C(t, t') = (E(t)E*(t')). This is done by
use of the chronocyclic Wigner distribution' 2
(E(t + t')E*(t - t'))exp(i2cot')dt'

W(co,t) =-

(2a)

=-f (E(w
+w')E*(&
- ))
x exp(-i2&)'t)dco'.

(2b)

In the case of a reproducible pulse, the ensemble
average is dropped here.
Define new variables cwoand to, obtained by rotation of c and t by an angle 0, i.e., co8 = co cos 0 +
t sin 0 and to = - w sin 0 + t cos 0. Integrating
the Wigner distribution along a line parallel to the
to axis for a fixed value of wo, we get the projected

distributions
Po(Jo) =

W(woocos 0- to sin

0 co sin 0 + to cos O)dto,
(3)

cot 0 = -(0-21' + 1/cF,`),
wo/sin

(5a)
(5b)

0 =

and defining ,o(wo) = (cF/'/ilsin 01)12.out[w(wo)1,
where o(s)() denotes w expressed in terms of w,
by means of Eq. (5b). With these definitions, ko(&)o)
is equal to o(co) in Eq. (4) to within a phase factor,
which is not important when only the modulus
2) = (lo(&wo)1
2 X, is
squared of the spectrum, (IAo(wo)1
considered. Thus varying qX,,,+ 1/1FD"
corresponds
to rotation in the time-frequency domain, with
qsca+ 1/ct" = 0 being a rotation by IT/2 (time-tofrequency conversion).
The procedure is as follows: Measure (IE0 ut(c)12)
for different values of te,' + 1/cf,", which correspond
to different values of rotation angle 0, according to
Eq. (5a). Rescale these data to obtain (Iiko(coo)V)
=
P0 (cwo)by means of Eqs. (5).15 Perform the inverse
Radon transform on the functions Po(cwo)to obtain
the Wigner distribution W(w, t). Invert the Fourier
transform in Eq. (2) to obtain the field correlation
function in either the frequency or the time domain.
In the case of a nonstochastic field, one can factorize
the measured correlation function to obtain the complex field structure, up to an unimportant constant
phase 770,i.e., E(t) = [C(0, 0)]-L12C(t, 0)exp(izq0).

From a practical viewpoint, it appears that the apparatus reported in Ref. 8 is adequate for implementing this procedure. To reconstruct the Wigner function it is desirable to cover a range of angles between
-v/2 and 7r/2. For a fixed value ofoa
¢we can cover
a wide range of angles ( by varying (Di' from a large
negative value to a large positive value, but a small
gap in the desired 0 coverage occurs. By varying sl"
from zero to a large positive value and then changing
the sign of q5z,,(i.e., changing the sign of the dispersion in the DDL) and varying 'DJ, again, it is possible
to cover the full 0 range [- 7r/2, 7r/2] without any gap.
Using achievable values for the modulator phase shift
(48 rad) and frequency (5.2 GHz),5 and DDL dispersion (T20_-" = +107 fs2 ), one can obtain full coverage
of 0.

each distinguished by a different value of 0. The
basis of tomography is that if one can measure the
projected functions Po(wo) for a sufficient set of values of 0 over a ir interval, then Eq. (3) can be inverted to obtain W(w, t) by use of the inverse Radon
transform.' 4
One can obtain the projected functions Po(wo) by
measuring the spectra (IEOut(wC)I2)
for different values

of air" + 1/cffl".'5 This can be seen by insertion of
Eq. (2b) into Eq. (3), which yields Po(s) = ((c(o)o 2 ),
where
^0(C9)

=

(2-frIsin OLF"2
-I2

f

exp[-i(woco' csc 0

cot 0)]E(cw')dw'.

(4)

This result is similar in form to the output field, given
in Eq. (1), of the time-frequency imaging system.
The equivalence can be established by choosing the
correspondences

This technique will work for pulses whose durations or bandwidths do not violate the assumptions
of quadratic phase shifts in the DDL and the phase
modulator. With current technology, the shortest
measurable pulse would have a duration of approximately 700 fs; for shorter pulses the required dispersion would stretch the pulse longer than the 30-ps
usable window of the phase modulator. For longer
pulses the limitations will probably be imposed by the
resolution of the spectral measurements.
We have simulated the reconstruction of a coherent
two-pulse sequence with linear frequency chirp, with
an electric field
E(t) oc{exp[-(t -

r)2/2]

+ exp[-(t + r) 2 /2]}exp(iyt2).

(6)

The intensity and the phase of this pulse with values
of the parameters T = 2 and y = iT/27 are plotted
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data), and it still works quite well.'" The algorithm
is straightforward to implement.
In conclusion, the proposed technique of chronocyclic tomography can determine the amplitude and
phase structure of optical pulses either for an ensemble of identical pulses or, in principle, for a single
pulse (by multiplexing the spectral measurements
following each pass of the multipass phase modulator). For an ensemble of nonidentical (stochastic)
pulses the method yields the two time complex field
correlation function. Its main advantage is that the
data inversion does not require deconvolution or iterative algorithms, which are subject to error or
ambiguity when the signal-to-noise ratio is not high
enough. The temporal imaging system used in these
measurements has the advantage that the detected
field is a linear functional of the input field and
thus is not subject to the same restrictions on input
pulse energy and wavelength as schemes that use
nonlinear devices. The method yields directly the
time-frequency Wigner distribution, which has high
resolution in the time-frequency domain.
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Fig. 1. (a) Pulse intensity IE(t)12 plotted versus time t
for the input pulse of relation (6) (dashed curve) and the
reconstructed pulse (circles). Also plotted is the phase
of the input pulse (solid curve) and of the reconstructed
pulse (X's). (b) The pulse-energy spectrum [2(O)j2 plotted versus frequency w for the input pulse of relation (6)
(dashed curve) and the reconstructed pulse (circles).
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