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Experimental determination of number-phase
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An experimental determination of the uncertainty product for the phase and photon number of a mode of the
electromagnetic field is performed. The expectation value of the commutator that sets the lower bound for
the uncertainty product is also determined experimentally. This is accomplished by using optical homodyne
tomography to measure the density matrix of a small-photon-number coherent state. The experimental results
agree with the quantum-mechanical predictions.

If a complete measurement of the uncertainty relation for photon number h and the field phase ( is

field does not have a well-defined phase and photon
number. Quadrature operators for the electric field

to be performed, it is necessary

are defined as x = (a + Wt)/Vl and b = (a -

to develop means

for experimentally determining the variances of these
quantities, An2 = ((f - (h))2 ) and AO2 = ((0 - (-))2)
where (...) denotes an expectation value. The uncertainty relation is
AbAn 2 (1/2)1(LI[(, h]A)I,

(1)

where Iqi) is the state of the field. It can be seen
from relation (1) that one also needs to measure
the expectation value of the number-phase commutator [(, h], which is an operator and thus is
state dependent in general. Previous experiments
have measured variances of h and ( separately,"12
but the commutator expectation value had not been
previously measured. We describe an experiment
that determines the distributions for the phase and
photon number and the commutator expectation for
a field containing small numbers of photons. In our
approach, the quantities in relation (1) are determined from the experimentally measured quantum
state of the field mode. The state is measured with
optical homodyne tomography.3' 4 Because the determination of these quantities assumes the validity of
quantum mechanics, our method does not provide an
independent verification of the uncertainty principle.
Our method does provide a measure

of how close

arbitrary states come to achieving the equality in
relation (1). For example, the coherent states are
found not to achieve the equality in general. These
measurements are in agreement with the quantummechanical predictions of the uncertainty principle.
Defining a quantum-mechanical phase of an
electromagnetic field has generated much recent
interest, and several different phase definitions
6 In this Letter we use the
have been proposed."15
Pegg-Barnett Hermitian phase operator because of
its calculational simplicity.6 We obtain the phase
distribution corresponding to this operator without
actually measuring eigenvalues of the operator on
individual trials.
The technique of optical homodyne tomography
requires that an ensemble of many measurements
be performed.3' 4 In this case the relevant interpretation of the uncertainty relation is that the state of the
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ctt)/iV2,

where a is the annihilation operator for a particular
spatial-temporal mode of the field. From these operators, rotated quadrature operators can be defined
as x0 = x cos 6 + b sin 0 and o = -- sin 0 + k cos 0.
A balanced homodyne detector makes measurements
that correspond to the quadrature operator x0 of the
signal field, when the local-oscillator (LO) field is
in a large-amplitude coherent state.' The spatialtemporal mode of the signal field selected by the
homodyne detector is the same as that of the LO,4
and the measured quadrature is determined by the
phase of the LO, 0.

In our experiments an ensemble of measurements
of quadrature amplitudes xa are made to determine
the probability distributions Po(xo) for various values
of 6. These distributions can be written in terms
of the Wigner function W(x, p) (Ref. 8) of the field

mode 3 :

Pe(xo)

=

f

W(x0 cos 6

- pa sin 0, x0 sin 0 + po cos 6)dpo.

(2)

For a set of such probability distributions determined

on a continuous set of angles 0, Vogel and Risken 3

showed that one could invert the distributions with
the inverse Radon transform to obtain the Wigner
function.3 If distributions are available for a finite
and discrete set of angles between 0 and 7r,the inversion of Eq. (2) can still be performed with numerical
techniques familiar in tomographic imaging.9
From the measured Wigner function, it is possible
to construct the density matrix of the measured field
mode by numerically performing a one-dimensional
Fourier transform8 :
(x + xVIi5x - x')

=

f

W(x, p)exp(2ipx')dp.

(3)

Because the density matrix completely determines
the quantum-mechanical state of a system, optical
homodyne tomography provides a way to determine
this state. The density matrix of Eq. (3) can be expressed in the representation of the number states In)
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Fig. 1. Experimental apparatus. The dashed lines enclose the balanced homodyne detector.

through a change of basis by computation of overlap
integrals of the density matrix in the x representation
with Hermite polynomials.
In our experiment, the signal field was prepared
in coherent states of differing average photon number. The experimental layout for measuring the field
state is shown in Fig. 1. A Nd:YAG laser produces
300-ps, nearly transform-limited pulses at 1064 nm
with a repetition rate of 420 Hz and a pulse-energy
stability of ±3%. The pulses are split with a polarizing beam splitter (PBS1) to create the signal
and the LO beams. Half-wave plates and neutraldensity (ND) filters in each arm are used to control
the relative intensities of these two beams. The
piezoelectric translator (PZT) pushes a mirror that
adjusts the phase of the-LO. Each LO pulse contains
approximately 2 x 106 photons, whereas the number
of photons in the signal pulse is varied between 0 and
-10. The signal and LO beams are superimposed
with orthogonal polarizations on a polarizing beam
splitter (PBS2). Our balanced homodyne detector
consists of a half-wave plate that rotates the polarizations of the signal and the LO fields by 450
and a polarizing beam splitter (PBS3) that interferes
the signal and the LO to produce two output fields
that are detected by high-quantum-efficiency (-85%)
InGaAs photodiodes. The photodiode outputs are
electronically subtracted and integrated with a lownoise charge-sensitive preamplifier.' 0 For each laser
pulse this subtracted and integrated signal yields the
photoelectron difference number between the outputs
of the two detectors. This balancing arrangement
removes most of the additive classic noise on the LO
and allows us to make measurements at the shotnoise level" (SNL). The electronic noise variance
is approximately six times lower than the LO SNL,
which is defined as the variance of photoelectron
counts from a coherent-state LO.
For each coherent state with mean photon number 7f, we make 5000 repeated measurements of the
photoelectron difference number No at 11 values of
the LO phase equally spaced in a [0, IT] interval and
calculate photoelectron distributions PNe(No). The
variance of each of these photoelectron distributions
yields the SNL of the LO, denoted by nLO,0. The
difference number is scaled to yield the quadrature
2 , where kLO is the
amplitude with x0 = NO/(2MLO)"
average of the 11 values of nLO,* We can determine
the LO SNL, nLO,in an independent manner by blocking the signal beam and one detector and directly
measuring the number of LO photoelectrons that hit
the other detector. Because the detectors are balanced, the total number of LO photoelectrons is twice
this measured number. These two methods of ob-

2 agree to within 4%.10
taining the scaling factor (nJLO)"
Scaling PN, (NO)then yields the distributions Po(x0 )
of the quadrature amplitudes. From these distributions we use the inverse Radon transform to calculate
the Wigner function, as described above. When performing the numerical inversion to obtain the Wigner
function, we use the standard filtered backprojection
algorithm for parallel-beam sampling geometry.9
We then extract the density matrix by using Eq. (3).
A sufficient condition that a density matrix describes
a pure state is Tr(f:2 ) = 1. When these traces are
calculated for our experimentally determined density
matrices, they are found to equal 1.00 ± 0.02, and
consequently we conclude that our state is pure.
From the measured density matrix we can calculate
Afi, An, and 1([(, n])I.
When calculating moments of the signal photon
number, we find it best not to use the photon-number
distributions obtained from the density matrix. The
reason for this is that the distributions do not decay
completely to zero, and they must thus be truncated
at some point; hence the moments of nare sensitive to
exactly where the distribution is truncated. To avoid
this problem, we write the photon-number operator
n = ata in terms of the quadrature operators, n =
(1/2)(g2 + p 2 - 1). The quadrature operators are
then placed in Weyl order, and the moments are
calculated as c-number integrals of the measured
Wigner function.8 Using these moments, we calculate the mean and the variance of the photon
number. We estimate the mean to be accurate to
better than 8%, limited by drift and noise of the LO
pulses and the electronics as well as by the finite
number of Po(xo) distributions. An independent, but
less accurate, check of the mean photon number
yields results a factor of -1.7 greater than that
measured with the Wigner function.
The Pegg-Barnett Hermitian phase operator ( is
defined in a finite (but arbitrarily large) dimensional
Hilbert space.6 In an (s + 1)-dimensional Hilbert
space, the phase states are defined as

1

Ib) =

S exp(ino)ln).
NS+In=0

(4)

This Hilbert space is spanned by a complete orthonormal set of basis-phase states I km),given by Eq. (4)
with (k replacedby cb. = 'bO+ 2wrm/(s + 1), with m =
0, 1, ... , s and 00 a reference phase. In terms of the

states

l m),

the Hermitian phase operator is then
S

5 = YI 'mi'k
m=0

m )('k. m l

(5)

With this definition, the phase states are the eigenstates of the phase operator, i.e., sb1k)= 010). In
our experiments, 0 actually corresponds to the phase
difference between the signal and the LO field. The
normalized phase distribution for a state described
by piin the number-state representation is
Ppb(ek) = [(s +
= 2 n
2v

1)/2i](kI,5I0)

n,m=O

exp[i(m - n)m0](n0ilm)

(6)
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relation (1) is an equality.'3 The only coherent state
that is a minimum-uncertainty state is the vacuum,
for which A fAn = 0. It is seen, however, that, in
the limit of very small or very large coherent-state
amplitude, the coherent states are approximately
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Fig. 2. (a) Variance of the phase plotted against the average number of photons in a coherent state. The points
are the experimentally determined values, and the solid
curve is calculated from the theory for the Pegg-Barnett
phase definition. (b) Points are experimentally determined values for the uncertainty product (circles) and the
commutator expectation (triangles). The curves are the
theoretical values for the uncertainty product (solid curve)
and the commutator expectation (dashed curve).

For all the coherent states we have measured (-nc 8),
this distribution

converges for s

2

20.

Once the phase distributions are computed, moments of the phase can be calculated. The measured variances of the Pegg-Barnett phase as a
function of the mean number of photons in the signal
field are shown in Fig. 2(a). The theoretical variances for a coherent-state signal field are also plotted
in Fig. 2(a).12 Agreement between the experimental
data and the theory is good and indicates that the
states that we are measuring in the experiment are
well described by pure coherent states.
Both the uncertainty product AqAn and the
expectation value of the commutator (1/2)1([(, h])l
for our experimentally measured data are plotted in
Fig. 2(b). For the experimental data we calculate
the commutator expectation value numerically by
and f in the
expressing the matrices for
number-state representation, evaluate the matrix
that corresponds to the commutator, and trace
the commutator over the measured-density matrix
in the number-state representation. Also plotted
are the theoretically predicted values for coherent
states. For the theoretical uncertainty product,
AO+is calculated in the same fashion as used
to generate Fig. 2(a), whereas the photon-number
standard deviation is An = A for a coherent state.
The equation describing the theoretical commutator
is found in Ref. 6. Note that the uncertainty relation
is satisfied (as it must be with our method of
analysis); the uncertainty product is greater than the
expectation value of the commutator. This means
that, despite their purity, coherent states are not
intelligent states with respect to number and phase.
Intelligent states are defined as states for which

(

In conclusion, we have developed a technique for
experimentally determining the standard deviation
of the phase AO and the photon number An, as
well as the expectation value of their commutator
1([(,

,

0.1
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We have

for a mode of an optical field.
1])I,

thereby measured, for the first time to our knowledge,
the number-phase uncertainty relation, which is in
general state dependent. This method of field characterization will work in principle for arbitrary states
of the field-the only limitation being available
experimental parameters (e.g., detector efficiency,
resolution). Agreement between the measured and
theoretical points in Fig. 2 is ensured by agreement
between the measured and theoretical density
matrices. Therefore other phase definitions could be
used, also leading to good agreement of experiment
and theory. For this reason, our results do not favor
one phase definition over another.
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