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In the coherent anti-Stokes Raman scattering process, the spectrum of the generated optical phonon depends on the
degree of temporal correlation between the pump laser field and the Stokes field. When the two fields are strongly
correlated, such as when the Stokes field is generated with stimulated Raman scattering (SRS), the spectral shape of

the optical phonon is found experimentally and theoretically to be the same as the gain-narrowed Raman line shape
because the laser phase fluctuations cancel out totally, leaving only the collisional noise in the SRS process. When
the two fields are uncorrelated, the shape of the optical-phonon spectrum is found to be the same as the Raman line
shape without gain narrowing. When two fields are partially correlated, then the two spectral components appear
together. We provide a method to measure the degree of correlation between two optical fields that have different
central frequencies. The theory developed to interpret the experimental results is an extension of the quantum
theory of SRS to include anti-Stokes scattering. We show that only in the high-gain limit can the quantum
fluctuations be thought of as arising from a classical noise process.

INTRODUCTION
It has been known for some time that if the pump and Stokes
waves in a Raman amplifier have temporal phase fluctuations that are perfectly correlated, then the effect of those
fluctuations cancels out, and the molecules respond as if
being driven by monochromatic fields. The effect is easily
understood because the Raman process depends on the difference of the pump and Stokes frequencies, which is constant in the presence of perfectly correlated phase (i.e., frequency) fluctuations. Thus we can say that a narrow-band
optical phonon is produced by the correlated action of two
broadband driving fields. This yields a Raman gain that is
equal to that for the case of monochromatic fields. Theoretically, this phase cancellation was first pointed out by Carman et al.' and later was discussed in some detail by others. 2
These predictions for the Raman amplifier have not been
tested for purely phase-fluctuating fields, but gain enhancement of similar origin has been predicted and observed for
correlated multimode fields, in which amplitude fluctuations are dominant. 3 4 It has also been shown that a Raman
amplifier can induce strong phase correlations between the
fluctuating pump wave and the amplified Stokes wave in the
absence of any such correlations at the input.5
In the case of the Raman generator, where the Stokes light
builds up from spontaneous scattering, it is known that
when the pump is broadband the Stokes light is generated
with the same bandwidth as the pump field and automatically has strong correlation to the pump fluctuations.> 8
-This is because the spontaneous noise field contains all
phases, and the amplification process picks out the correlated part, which has the highest gain. Thus Stokes generation
is a convenient way to produce a frequency-shifted field that
is well correlated with the pump field. 4 5 78 However, note
that the degree of correlation approaches unity only when
the rate of pump fluctuation is much larger than the Raman
linewidth. 6 -9
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The present paper presents a study of the effects of cross
correlation between the broadband pump and Stokes waves
in the coherent anti-Stokes Raman scattering (CARS) process. In a recent paper we reported the enhancement of the
CARS gain by the effect of such a correlation.' 0 This is
distinct from other related studies, which considered correlation between the pump wave with center frequency WLI
and the probe wave at WL2, whose sum is equal to the sum of
Stokes and anti-Stokes frequencies, "oL1 + WL2 = WS + WAS-11
In our previous study the CARS gain enhancement arose
from the same cancellation of pump and Stokes phase fluctuation as discussed above for the Raman amplifier. From
this gain enhancement we could infer only that a narrowband optical phonon was produced when the phases of the
two fields were well correlated.
In the present study we present direct evidence for the
generation of the narrow-band optical phonon by the action
of broadband, phase-correlated fields. We also show that
the narrow-band component of the phonon gradually disappears as the degree of cross correlation between pump and
Stokes fields is decreased. This is accomplished by scattering a nearly monochromatic probe field EL2(t) at WL2 off the
phonon wave to produce coherent anti-Stokes scattering at
WAS. The spectrum of the generated anti-Stokes wave is
proportional to that of the phonon. This fact can be seen by
examining the well-known coupled differential equations for
the complex amplitudes of the anti-Stokes field EAS(t, z) and
the optical phonon Q(t):

a- EAS(Z,

t)

=

aaQ(t)
Q =

-iK 2AEL 2 (t)Q(t)exp(-iAk *z),

(1)

(iA

(2)

-

F)Q(t) -

iK,-EL1(t)ES-(t),

where t = tab - z/c is the local time variable on which the
external driving fields EL1(t), E(t), and EL2(t) depend exclusively. r is the collisional dephasing rate for the Raman
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Stokes field is seen to follow the phonon amplitude Q(t);
thus, measuring the spectrum of the anti-Stokes field gives
information directly about the spectrum of the phonon
wave.
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Fig. 1. Illustration of the CARS process. The frequencies (in
radians per second) of pump laser WL1, generated Stokes field Wos,
monochromatic probe field L2, and anti-Stokes field WAS satisfy
WL1 + WL2 = WS + WAS. The detuning from Raman resonance is A =
W21 - WL1 + ws, where W21 is the Raman shift of the medium.
transition 1) - 12), A = 21- WL1 + US as shown in Fig. 1, K1
and K2A are coupling constants,12 and Ak = kLj + kL2 - kskAS is the spatial phase mismatch, assumed to be zero. In
the low-gain limit of the anti-Stokes generation process, Eq.
(1) gives simply
EAS(Z, t) =
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iK2AEL2 (t)Q(t)Z.

(3)

If the probe wave EL2(t) is monochromatic, then the anti-

Cell(1)

In order to study experimentally the effects of random phase
fluctuation in the absence of amplitude fluctuation, we have
used broadband, amplitude-stabilized chaotic light as the
pump field ELl(t). This is the light from a cavityless, pulsed
dye laser that has been amplitude stabilized by passage
through two saturated amplifiers. 3 Whereas the rapid amplitude fluctuations during a single pulse are reduced to less
than 5%, the rapid phase fluctuations remain the same as
those of the input chaotic (thermal) light. The resulting
field is similar to the so-called phase-diffusion light, which
has a uniform phase distribution and a smooth average spectrum.2 When the amplitude-stabilized chaotic field EL1(t)
is used to pump a Raman generator, the Stokes field ES(t)
produced by single-pass stimulated Raman scattering (SRS)
also has nearly constant amplitude and rapid phase fluctuations, which are strongly correlated to those of the pump
field.
A schematic representation of the experimental setup is
shown in Fig. 2. Pulses of amplitude-stabilized chaotic light
generated by the dye-laser system were 4 nsec in duration
and had a bandwidth of approximately 9 GHz (FWHM), a
pulse energy of 3 mJ, and a wavelength of 564 nm. The dyeL2
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Fig. 2. Experimental setup. Stokes light generated in Raman generator Cell(1) is phase correlated to pump-laser field EL. The pump field is
delayed by time td and combined with probe field EL2 in Cell(2). The anti-Stokes spectrum is measured with a Fabry-Perot interferometer and
photodiode P: BS, beam splitter; DM, dichroic mirror, CF, colored-glass filter; ND, neutral-density filter; CC, corner cube; Ml, mirror; L1-L4,
lenses.
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laser beam was divided into two parts by the beam splitter.
The stronger beam (80% of the total energy) was weakly
focused with lens Li down to 0.45 mm inside the Raman
generator [Cell(1)], filled with H2 at room temperature, producing phase-correlated Stokes light at 737 nm by vibrational SRS. The average energy of the Stokes pulses is 0.5 mJ
for the pressure of 100 atm in Cell(l) and 0.3 mJ for the
pressure of 48 atm. A dichroic mirror and a colored-glass
filter were used to block the laser beam that copropagated
with the generated Stokes beam. The 20% of the dye-laser
beam that was deflected by the beam splitter was sent
through a corner-cube delay line and used as the pump field
for the CARS process in H2 Cell(2). A probe-laser beam was
derived from the frequency-doubled, single-longitudinalmode Nd:YAG laser that was used to pump the dye laser.
The probe beam had a pulse energy of 0.2 mJ, a bandwidth of
approximately 50 MHz, a duration of 5 nsec, and a wavelength of 532 nm. The three beams EL1(t), EL2(t), and Es(t)
were collimated and then focused by lens L4 into the fourwave mixing Raman H2 Cell(2). The Raman resonance detuning A between the two Raman cells was determined by
the difference in pressures in the two cells.' 4 The coplanar
phase-matching condition (kL1 + kL2 = ks + kAS) for generating anti-Stokes light H2 Cell(2) was achieved by translating mirror Ml in the direction shown in Fig. 2. To prevent
saturation in the CARS process, a neutral-density attenuator was inserted in front of lens L4. The anti-Stokes signal
from Cell(2) was spectrally analyzed with a scanning FabryPerot interferometer controlled by a ramp generator. The
signal from the Fabry-Perot interferometer was passed
through a large-bandwidth monochromator to block stray
light and then was detected by a photodiode (whose output
was integrated by a boxcar integrator) and recorded and
averaged with a microcomputer.
Curve 1 of Fig. 3 shows the ensemble-averaged spectrum
of the amplitude-stabilized, chaotic dye-laser light, with a
linewidth (FWHM) equal to 9.0 GHz. The spectra of individual pulses show strong random structure.' 3 The averaged spectrum of the generated Stokes light also had a width
of -9 GHz. Curve 2 of Fig. 3 shows the average spectrum of
the generated anti-Stokes light for the case of zero Raman
detuning (both cells at 48 atm) and zero time delay between
fields EL, and Es. The observed anti-Stokes linewidth is
0.70 GHz. As explained above, this shows directly that an
optical phonon is produced with a linewidth much narrower
than the spectra of the driving fields EL, and Es.
To obtain more insight into the effects of phase cross
correlation, we varied the degree of cross correlation between pump and Stokes fields by varying the time delay td
between EL, and Es by translating the corner cube. To
make the effects clearer we also detuned the Raman resonance in Cell(2) from that in Cell(l) by an amount A = 3.8
GHz by setting the pressure to 48 atm in Cell(2) and 100 atm
in Cell(1).14 Figures 4(a), 4(b), and 4(c) show the measured
anti-Stokes spectra corresponding to optical delay between
the pump laser and generated Stokes beam to be 3.3, 37, and
160 psec, respectively. It can be seen that there are two
distinct components separated by approximately 3.8 GHz,
which is equal to the Raman detuning. The narrower component has a linewidth of 1.4 GHz, and the broader component has a linewidth of 2.5 GHz, which is equal to the Raman
linewidth in Cell(2).' 4 The narrower one is dominant when
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the pump and Stokes fields are well correlated, and the
broader one becomes significant when the two fields are
partially decorrelated. Notice that the width of the narrower component does not change when the two fields become
partially decorrelated. When the optical delay is large
enough, the spectrum of the anti-Stokes light is essentially
the same as the collision-broadened Raman transition.
The observed behavior can be understood qualitatively as
follows: According to Eq. (2), the optical phonon Q(t) is
driven by an effective field, Ee(t) ELl(t)Es*(t), which is
proportional to the so-called two-photon Rabi frequency for
the effective two-level molecular transition Ii) - 12).2,15
The pump field can be written as
(4)

EL1(t) = AL, expj[-iH5L1(t)],

where AL1 is a nearly constant amplitude and kL,(t) is the
rapidly fluctuating phase. The Stokes field, generated by
high-gain SRS in Cell(l) and time delayed by td, can be
written as
ES(t)

=

(t -

(5)

td)ELl(t - td),

where (t) is a slowly varying random function accounting
for the fact that collisional dephasing in the generator cell
prevents the Stokes field from being perfectly correlated to
the pump field.6-8 Thus the effective field is
Ee(t) = ALI

2

4(t- td)exp[-i0L(t) + iL,(t

-

td)].

(6)

From this we can easily see that for zero delay time the pump
phase fluctuations cancel out, leaving only the slower collisional fluctuations. Thus the effective driving field is narrow-band; this leads to the narrow spectral component at the
detuned frequency in Fig. 4(a) and corresponds to the pro-
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Fig. 3. Measured average power spectra of (curve 1) pump laser
and (curve 2) the generated anti-Stokes field, for the case of zero
Raman detuning (both cells at 48 atm). The narrow width of the

anti-Stokes field illustrates the cancellation of the laser and Stokes
phase fluctuations. The curves are normalized to a peak height of
unity, and the horizontal scale is with respect to the center frequency of each field.
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Fig. 4. Power spectra of anti-Stokes field for detuning of A = 3.8 GHz and for various values of time delay td between pump and Stokes fields.
The frequency scale is labeled with respect to the location of the narrow peak, which is predicted to occur at L1 + L2 - WS. (a), (b), (c) Measured anti-Stokes spectra corresponding to delay td equal to 3.3, 37, and 160 psec, respectively. (d), (e), (f) Theoretical predictions for antiStokes spectra, evaluated by combining Eqs. (8) and (15), corresponding to the optical delay td in (a), (b), and (c), respectively. (g), (h), (i): Solid curves are the power spectra Se(w) of the effective driving field, evaluated using Eq. (15), corresponding to optical delay td in (a), (b), and (c),
respectively. The dashed curves of (g), (h), and (i) are the Lorentzian Raman line shapes, which, when multiplied by the solid curve Se(w), give
the corresponding spectra in (d), (e), and (f). r, r, rLl, a, andgl are taken to be the same as the experimental parameters. All curves are normalized to a peak height of unity.

cess going through the virtual levels, shown as dotted lines in
Fig. 1. On the other hand, when the delay time is much
larger than the coherence time of ELl(t), the effective field
has a spectral width roughly twice that of ELl(t). This leads
to the broad spectral component at the resonant frequency
in Fig. 4(c) because the four-wave mixing response is strongest there.

THEORY
A quantitative theory of this behavior can be developed as
follows: Eq. (3) shows that the anti-Stokes field and optical
phonon have the same spectrum if the probe beam is monochromatic. This spectrum can be found by integrating Eq.
(2), which gives
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Q(t)

=

J

-ix1 I

exp[(iA -

r)(t -
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t')]Ee(t')dt'.

(7)

(ELl(t + )EL1*(t

td +

-

r)EL1*(t)EL1(t

r

= IL12 exp[PLl(Itd +

Then a straightforward calculation 6 shows that in the
steady state the power spectrum SQ(w) of Q(t) is given by
2
SQ(W) = Ix
11

- )2

2+

Se(W)

(8)

+ ltd - TI

-

- td))

2td1

-

2Irl)].

(14)

Then, the integral in Eq. (12) can be carried out to give
Se(W) = ILlIS

{exp( 2rLlltdl)[2r5(w)

r

L(w)

where Se(w) is the power spectrum of the effective field Ee(t).

The power spectra are defined as
SF(W) =

X cos(Wcltdl) -

(F(t + T)F*(t))e iWrdr,

0

Es(t), Q(t), and EAS(t), and ( ... ) means an ensemble aver-

age. According to the definition of Ee(t), its power spectrum
is equal to

J

(ELI(t + r)Es*(t + r)ELl*(t)ES(t))e-iwrdt,
(10)

where the generated Stokes field Es(t) can be written as Eq.
(5). The (t) in Eq. (5) is, strictly speaking, a quantum
fluctuation operator because the origin of the generated
Stokes is spontaneous quantum noise.6 7, '9 However, in the
high-gain limit of the SRS process we can treat (t) as a
classical random process, at least for the purpose of calculating two-time correlation functions. This is proved in Appendix A. The corresponding power spectrum of (t) is
shown there to be
= Is 2(rrgl)

S(J

ILi

ri

exp(- gi W2,

(11)

ri 2

where ILi = EL112 is the pump laser intensity, Is = (IEsI2) is

the Stokes field intensity [Eq.(A12)], and g, and r 1 are the
gain coefficient, gain medium length, and collisional dephasing rate, respectively, in the SRS generator Cell(1). S(w) is
the spectrum of SRS in the case when the pump laser is
monochromatic 6 and shows the effect of gain narrowing:
the width decreases with increasing gl. As shown in Appendix A, the random variable (t) is statistically independent
of ELi(t) if the pump field has only phase fluctuations.
Therefore the power spectrum Se(w) of the effective field can
be expressed as a convolution:
Se(()

(ELi(t + T)EL1*(t

=J

X et

iW

dT

-

td + T)EL*(t)EL(t

-

td))

(12)

SJ().

The calculation of the fourth-order autocorrelation function
of the pump field in Eq. (12) can be carried out by using the
phase-diffusion model 2 for EL1(t). This approximates our
experimental situation because the amplitude-stabilized
chaotic light has slowly varying amplitude and rapidly fluctuating phase with uniform distribution. In this model the
laser-field autocorrelation is given by
12
(EL1(t + T)ELi*(t)) = EL1

exp(-rL1TI),

rLL(w)

sin(wtd + L }

(9)
91
exp -2W,

where F(t) is a stationary random process, such as EL(t),

Se(6)) =

2

(13)

where 2 PL1 is the bandwidth (FWHM) of the laser (in radians per second). The four-time correlation function is given
by

2

(15)

r,

where L(w) is the self-convolution of the pump-field power
spectrum and is equal to 4rLl/[(2rL) 2 + 2] in the phasediffusion model.
The optical-phonon power spectrum SQ(w) is then obtained by substituting Eq. (15) into Eq. (8) and can be
simplified in two limiting cases. In the case of zero optical
delay between pump and Stokes waves, the power spectrum
of the optical phonon arises only from the delta-function
term and becomes
SQ(W, td O_0) = IKI2ILlIS

Ti

1

r2 + A2

e crgo2
2\

e

ri~
2 W}

(16)
r >> ri/(gl)i/ 2,

and thus the
where we have assumed that
Lorentzian is nearly constant over the small range of w where
Se(w) is peaked. According to Eq. (16), when ES(t) and
ELi(t) are strongly correlated, the optical-phonon spectrum
is the same as the gain-narrowed stimulated Raman line
shape, Eq. (11), and is independent of the laser line shape.
The spectral width (FWHM) is given by Eq. (16) to be 2rP
(ln 2/gl)l/2 . For curve 2 of Fig. 3 this predicts a width of 0.35
GHz, and the observed width is 0.70 GHz. For the curve in
Fig. 4(a) this predicts a width of 0.74 GHz, and the observed
width is 1.4 GHz. The excess parts of the observed widths
most likely are due to the finite resolution of the spectrometer used. For these calculations the collisional-broadening
constant r in the generator cell was taken to be equal to 7.9
X 109 rad/sec (1.25 GHz) for Fig. 3 and 1.6 X 106 rad/sec (2.6
GHz) for Fig. 4 .14 The length of the generator cell was =
100 cm. The gain coefficient g, which was taken to be equal
to 0.34/cm, was estimated in two ways. The first method
was to measure the Stokes pulse energy (0.5 mJ) and duration (3 nsec) and then to use Eq. (A12) to obtain g. The
second method was to measure the pump-laser pulse energy
(2.4 mJ), duration (4 nsec), and average beam diameter (0.50
mm FWHM) in Cell(1) and then to use g = 2.6 X 10-9 W-1
cm X (laser intensity) from Ref. 17. These methods give
consistent results, to within measurement uncertainties.
In the limiting case of td 1X, the power spectrum of the
optical phonon becomes
-

SQ(,

td ->

'0:)

=

IIKjiILIS(2)37rL(A)

12+

1
(

-

)
(17)

18

(which is equivalent to the result given by Yuratich ), where
the power spectrum of the effective (driving) field is the
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convolution of power spectra of EL1(t) and ES(t). To derive
Eq. (17), we have made two assumptions. First, on the

condition that 2rLl>> F/(gl)'/2 , the Gaussian-shaped func-

tion in Eq. (11) can be treated as a delta function. Second,
we have assumed that 2rL >>r, so that L(X) can be replaced
by L(A). According to Eq. (17), when ES(t) and EL1(t) are
completely uncorrelated, the optical-phonon spectrum becomes the same as the Lorentzian Raman line shape. Although Eqs. (16) and (17) were derived by using the phasediffusion model, they are actually valid for any purely phasefluctuating pump field, if L(X) is understood to be the selfconvolution of the actual pump-field spectrum.
To see how the spectrum evolves between these two limits
in the phase-diffusion model, we have numerically evaluated
the combined Eqs. (8) and (15) and have plotted SQ(w) in
Figs. 4(d), 4(e), and 4(f) for optical delays of 3.3, 37, and 160
psec, respectively. The laser linewidth was taken to be 9.0
GHz, as measured, and again the constants r, rl, and g were
evaluated by using Refs. 14 and 17. Good agreement is
obtained between theory and experiment for small and large
delays. For intermediate delay there is qualitative agreement, but there is a quantitative discrepancy in the ratio of
the peak heights of the two components. This is most likely
because the amplitude-stabilized chaotic light is not rigorously described by the phase-diffusion model. For example,
the spectrum is known to be non-Lorentzian in the spectral
tails.'3 The present experiment is sensitive to the detailed
statistical nature of the pump field because it depends on a
fourth-order correlation function in Eq. (12).
The existence of the narrow spectral component shows
that laser phase fluctuations can be canceled out in antiStokes generation. Similar cancellations have been discussed for other nonlinear-optical processes, such as Raman
Ramsey fringes,19 two-photon absorption 20 population
trapping, 2 ' and optical double-resonance spectra. 2 2 Our observations also show that the phase fluctuations of the
Stokes field do not follow those of the pump perfectly. If
Stokes and pump fields were perfectly correlated, i.e., if t(t)
were a constant in Eq. (5), we would have observed a nearly
monochromatic phonon with a spectral width that is independent of the Raman dephasing rate in the Stokes generator. The spectra that we have observed show that the width
of the narrow spectral component depends on the Raman
dephasing rate. The lack of perfect correlation is due to the
collisional noise in the SRS process. That the generated
Stokes field does not follow the pump field perfectly has also
been shown in the case of a multimode laser, for which
amplitude fluctuations dominate. 8

When the two fields are completely uncorrelated, as when
the Stokes wave is delayed, the shape of the optical-phonon
spectrum becomes the same as the Raman line shape because the effective driving field spectrum becomes broadband, and the molecules respond only within their linewidth.
When the two fields are partially correlated, then the two
spectral components appear together. The separation between the two components is the detuning from the Raman
resonance, and the ratio of their peak heights is dependent
on the degree of correlation between the two exciting fields.
This study provides an experimental method to show directly not only the existence of phase correlation between pump
field and generated Stokes field but also how strongly they
are correlated.
The theory developed to interpret the experimental results is an extension of the quantum theory of SRS 6 to
include anti-Stokes scattering and has been independently
developed in Ref. 23. It is shown here that in the high-gain
limit the quantum fluctuations of the generated fields can be
thought of as arising from a classical noise process. In the
case of low gain this not true, and certain nonclassical correlation effects have been predicted in this case.2 4

APPENDIX A: QUANTUM THEORY OF STOKES
AND ANTI-STOKES GENERATION
Here we will provide a quantum-mechanical derivation that,
in the high-gain limit, justifies treating the Stokes and antiStokes fields as classical quantities. To describe the Stokes
and anti-Stokes generation process by the quantum theory,
we will change ES(z, t), EAS(Z, t), and Q(z, t) to the operators
Ps(
5 )(Z, t), EAS(-)(Z, t), and Q(z, t), where the minus superscript means negative-frequency part. The laser field EL1(Z,
t) will still be treated classically. In the SRS generation
process, the Stokes field operator at the output of Cell(1) can
be expressed as6

Bs(-)(1, t) =BS(-)(0, t) + (1,

t)EL1(t),

(Al)

where
t(1, t)

2

= (K1K 2 )1/

X

J

dt' exp[-r(t

- t')]EL1*(t')Es( )(0, t')

I(4K1K 2 lp(t) -p(t)]11/2)
[p (t

- p (t,)112

Jdz'Q(z',
j~1

-

iK2

-

K2

CONCLUSION
In conclusion, in the coherent Raman scattering process the
spectrum of the optical phonon, as observed in the antiStokes spectrum, depends on the degree of correlation between the two exciting fields: pump and Stokes. When the
two fields are strongly correlated, as in the case when the
Stokes field is produced in a Raman generator, the spectral
shape of the optical phonon becomes the same as the gainnarrowed stimulated Raman line shape because the laser
phase fluctuations cancel out totally, leaving only the collisional noise. This proves that the phase fluctuation of the
Stokes field is not perfectly correlated to that of the pump.
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exp(-rt)

J

dt'

0)I 0 ([4K1K2 (l - ZI)p(t)1/2)

J dz' exp[-rl(t - t')]Pt(z', t')

X 10(4K1K2(

-z )[p(t) -~

)]}1/2),

(A2)

where the In(x) are modified Bessel functions and

p(t) =

g

IEL(t")I2 dt".

(A3)

In the case of a smooth pulse, it is a good approximation that
p(t) = EL1I2t = ILit. r, and Pt describe the collisioninduced damping and fluctuations. K and K2 are coupling
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constants in the SRS process defined in Refs. 6-9.
following properties of Q and P are assumed 6 :
(0t(z, 0)0(z', 0)) = (AN)-l(z

-

z),

The

where Is is the Stokes intensity

(P(z, t)P(z', t')) = 2rP(A]T-)6(z - z')(t - t'), (A5)
(Q(z' O)0t(Z, 0)) = ((z, t)Pt(z, t)) = 0,

(A6)

(0t(z, O)P(Z', t')) = (t(z, O))(P(z', t')) = 0,

(A7)

(s(+)(0)Pt(z', t')) = ((z, t)Ps5 (0, t)) = 0,

(A8)

where A is the cross-sectional area of the cylindrical interaction volume, N is the molecular number density, and ( )
means a quantum expectation value taken in the initial
state. For the Stokes generator, the initial state is the vacuum state. In the high-gain limit, Eq. (Al) can be approximated as
&(-)(1, t) = (l, t)EL(t),

7rhs

=

(A4)

IS=Ac

I

Now, returning to the anti-Stokes field, we recall that we
must evaluate the antinormally ordered correlation function
(&t(t + )r(t)).Only the first term in Eq. (A2) gives a
nonzero contribution to this function because of Eqs. (A6)
and (A8). We find that
rt+T

(e(t + i)t(t))

= K1K2Z

X

J

dt'

t

dt" exp[-rl(2t +

This results from solving the quantum version of Eqs. (1)
and (2) of the text. Note that the negative-frequency part of
the anti-Stokes field operator is proportional to the positivefrequency part of the Stokes field operator. This means
that the normally ordered correlation function of the antiStokes field depends on the antinormally ordered correlation function of the Stokes field, i.e., (s(+)(1, t')As(-)(1, t")).
This quantity is nonzero, even for = 0. This is the origin of
the statement that the anti-Stokes generation comes from
the Stokes vacuum field fluctuations.2 3
On the other hand, the Stokes intensity and spectrum are
proportional to the normally ordered quantity ((-)(1,
t) 5s(+)(l, t + r)), which in the high-gain limit is proportional
to (&(t)&t(t + T)). The first term in Eq. (A2) gives only zero
contribution to this autocorrelation function because the
operator PS(-)(0, t) is the free-field operator, and its normally ordered autocorrelation (S(-)(0, t)Ps(+)(0, t')) in the
vacuum state is zero. The second term in Eq. (A2) gives zero
contribution to the autocorrelation in the steady state, also
because of rit >> 1. Therefore the autocorrelation function
of t(t) is equal to the autocorrelation of the third term in Eq.
(A2). Note that the third term depends on the laser field
only through IELI2. So, for a temporally smooth pulse,
(t(t)&t(t + T)) is independent of the pump-laser phase fluctuation. Thus this correlation function is the inverse Fourier transform of the Stokes power spectrum that occurs with
a monochromatic laser field. This spectrum has been evaluated in Eq. (57) of Ref. 6, and its inverse transform is proportional to
(&(t)&t(t + T)) =

exp(-

T )(

(A11)

t'

)]

X I1(4KlK2 I[P(t + T) -P(0111/2)

[p(t + r) -p(t')]1/2
Ij(14KjK2 1p(t) -P41111/2)

x

[p(t

(A13)

- p (t,,) ] 112

For the one-dimensional, free-field operator of the Stokes
field, the commutator i25,26
(A14)

(t' - r).

When Eq. (A14) is used, Eq. (A13) becomes

(A10)

X EL1(t')-8S(+)(1, t')dt.

T -

(EL(t')EL*(t'') (Rs(+)(0, t)2s(-)(0, t))

[EPs(+)(0, t'), s(-)(0, t")] =A,5s
,AS()(Z,
t) = AS()(, t) - iK2AEL2 (t)z J exp[(iA -r) (t - t')]

(A12)

g = 2KjK2lL,/ri, and IL, = IEL112.

(A9)

which is similar to Eq. (5) in the text.
The quantity of interest is the spectrum of the anti-Stokes
field, which is the Fourier transform of the normally ordered
autocorrelation function (AS(-)(Z, t + T)PAS(+)(Z, t)). In
the quantum theory the phase-matched contribution to the
anti-Stokes field operator is given by

rl

2(7rgl)1/2eg

(Wt(t + r)t(t)) = 27rhws f(T)
Ac

(A15)

IL

where
AT) = (az)

4

)

_

dt[ exp(-2rtl)

f)I dt' exptT

[exp(-r_
[
/2)
/2t'

I,([al(t' + )]' 2 )

(A16)

[al(t' + r)] 1 2
where a = 2grP.

assumed that t is
form of f(T) is

We have replaced t

-

t' with t' and have

for the steady state. The Fourier trans-

J

f(r)e-' Tdr.

Re

P(c) =
7r

(A17)

fo

If we use the asymptotic form of the modified Bessel function I(x) = e(27rx)1/ 2 for x >> 1, and refer to the method
leading to Eq. (54) of Ref. 6, the power spectrum then becomes

P('.)

41 Re ( 4)

f

dt'ei'te-rt'e

(alt')'

1

] 2
(A18)

The integral is meant to be carried out only over the region
near t' = al/4r, 2, where the integrand is strongly peaked.
Then, by using the method leading to Eq. (56) of Ref. 6, this
becomes
PM t-_Ieg' exp - 9
2r
ri2

2

(A19)
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whose inverse transform leads to
4.
(t'(t + r)t(t))

=

- exp
,Li

r21.

-

4g1

T

(A20)

Thus we see that in the high-gain limit the antinormally
ordered correlation function [Eq. (A20)] equals the normally
ordered correlation function [Eq. (A11)]. This is a form of
the correspondence principle, which says that when many
photons are present in an amplifier the quantum-mechanical nature of the field is unimportant.2 7 This justifies treating the (t) operator as a classical random process t(t), with
correlation function (Q(t+ r)t*(t)) given by Eq. (All) or Eq.
(A20). Note that this correlation function is independent of
any phase fluctuation in the laser field EL1(t). The power
spectrum of t(t) is then given by Eq. (11) of the text.
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