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Quantum-state tomography of two-mode light using generalized rotations in phase space
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We introduce a method for quantum-state tomography for a pair of optical modes, which we call generalized
rotations in phase space. Rather than using a dual-mode local oscillator field for implementing balanced-
homodyne detection, as in previous methods, a single-mode local oscillator field can be used in our method,
greatly simplifying certain aspects of experiments. The signal field is put through a series of general transfor-
mations before entering the detection system where quantum statistics are measured.

PACS numbes): 42.50—p

Quantum-state tomographyQST) is comprised of a In any state-reconstruction method, a set of linear trans-
broad set of experimental methods for determining the quarformations must be applied in order to generate a tomo-
tum state of an ensemble of similarly prepared physical sysgraphically complete set of observablésr a quorum,
tems from a set of statistical measuremeft3. It has Wwhose statistical properties are measur@er review, see
emerged as a powerful and useful tool in atofail; molecu- [13].) In the original dual-mode-LO method, the set of trans-
lar [3], and optical physic§4]. QST can provide a complete formations is applied to the two-mode state of the LO field,
statistical characterization of a systdin the sense that no While in the new GRIPS method it is applied to the two-
further information can be acquired according to quanturr_fnc’de signal field. The main advantage of the GRIPS method

mechanics Because of this it can be used to characterizdS that only a single-mode field need be measured for each of

quantities which do not correspond to quantum observabledn€ linear transformations in the complete gether than a

such o the phase o an opical 6. QST may play an_[hooxe fekd a5 1 e origna) metibhis s fr caser,
important role in the testing and calibration of quantum in- P y 9 P

formation devices—for example, a state telepofgiror a can be used, and problems associated with the polarization
. Pie, P dependence of optical elements do not arise in a strong man-
quantum logic gatg7].

. ner.
Most work to date has concentrated on determining states o oy erall scheme s illustrated schematically in Fig. 1.

for a single degree of freedom, for example a single mode Ofpg o signal modes of interegt,2) together enter a linear
the optical field[5]. But because quantum mechanics sayssignal-transforming device, to be described below. The de-
interesting things about correlations that may exist betweejce has two control knobs whose settings determine which
two degrees of freedoriBell’s inequalities, for examplE8]),  of many linear transformations is applied to the signal
it is interesting to develop QST for more than one degree ofodes. The output of the device consists of two separated
freedom. A step in this direction was taken with a proposafields (3,4). The relation between input-mode annihilation
for measuring the joint state of a pair of optical modes usingperatorsa, ,a, and output annihilation operatoas ,a, is
balanced homodyne detecti0BHD) in which the reference
laser[local oscillator(LO)] field is formed into a linear com- — i i
bination of the two signal modg8,10]. By effecting a series A;=codyl2)a, tsin(yi2)expifd)az, @)
of linear transformations on the state of the LO field and ) ,
making BHD measurements on the signal field for each of a,=—sin(yl2)a, + cod y/2)expiA §)ay, @
these various LO states, the two-mode state of the signal
field can be determined. This “dual-mode-LO” method was Where the relative-phase-shift parametef is controlled by
used experimentally to determine two-time photon-numbeknob A and varies between O andr2 and the relative-
correlations in the case that the two modes of interest are igmplitude parametey is controlled by knobB and varies
the form of two short pulse€'wave-packet modesy having ~ between 0 andr. The transformation ensures the commuta-
the same center frequency and polarization, but variable timéon relation[az,a}]=0, meaning the two output modes are
delays[11]. separately measurable. For our purposes, @glyneed be
The dual-mode-LO method was subsequently specializetheasured,; this levels, as a potentially usable field for fur-
to provide a method for the full characterization of the quan-ther experimentation. Mode; is defined such that it is in the
tum state of polarization of a light beaf2]. In recent ex- same mode as the LO. Mod®; enters the dc balanced-
perimental work we have found that practical difficulties, homodyne detector, which is comprised of a 50/50 beam
involving the polarization dependence of the behavior of op-ssplitter which linearly combineg@nterfere3 modeas and the
tical elements(such as beam splittersmake the dual- LO mode having phaseé. The interfered beams are incident
mode-LO scheme difficult to implement in this case. For thison photodetectors, which integrate the photon numbers inci-
reason we propose an alternate method for two-mode QSTent during a chosen time interval. After subtraction and
which we refer to as quantum-state tomography using gerscaling, the quantity that is measured on a single trial is the
eralized rotations in phase spaceRIPS. “combined quadrature amplitude[9,10],
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(a) knob A knob B o Th_e oyerall phase-shift term eXp(Z)_ce_m be eIimi_nated by
uﬁu [F'F] adjusting the LO phase by/2. The shlft_lq the relative phage
modes 1.2 cpmblingd % phase ¢ term by #/2 can be corrected by redefining the zero relative-
p | Signal signa phase voltage for the liquid-crystal variable retarder. With
transformer L Q these adjustments, E¢}) becomes identical to Eq1), and
lCPmbi"ed this completes the transformation for the polarization mode
signal 4 case. In the other case of modes comprised of two short
signal balanced homodyne pulses, the signal beam must be split into physically distinct
dump detector beams and a relative time delay must be introduced between
the two paths before recombining4].
To characterize the quantum state of the field, it is suffi-
"ﬁ] A [H] B cient to measure repeatedly and to thereby build up a

(b)

a histogram for fixed values of,A¢,¢, which approximates

1 4 pBS 3 the probability density?’ (Q; y/2,A ¢, ) to observe a value

—-¢——@-» Ad Y | ¢ > Q on a given trial. The measurements are repeated for dif-

LCVR LGVR ferent combinations of values gfA¢,¢. The mathematical

0° 45° procedure for determining the quantum state from this set of

measured histograms is the same as developed earlier for the

$ a, dual-mode-LO detection scheme so the details will not be
repeated hergl5]. The result expresses the two-mode den-

sity matrix in the joint number basis 9]

a

FIG. 1. () In the GRIPS method of two-mode state tomogra-
phy, the input modes 1 and 2 are linearly combined with certain
phases and amplitudes in a signal-transforming device, and thel<nl|2<nZ|p|ml>l|rnz>2
combined mode 3 is measured by a balanced homodyne detector 1foc

T ™ 2m
with a single-mode local oscillator field. Knol#s and B, respec- =5 de dyf dA ¢ f do¢ P'(Q;vI2A ¢, 9)

tively, control the relative phase and amplitudes of the input-mode
transformation(b) The signal transformer for the case of measuring NoMy, .
the quantum polarization state of an optical field. The two orthogo- X Rnlml(Q’ YI2A ¢, $), ®)
nally polarized modes pass through a pair of voltage-controlled

liquid-crystal variable phase retardék<CVR) and then a polarizing  where the “sampling function” is

beam splittePBS.

REiQi(Q; YI2A P, )= r:imi(Q; yi2)exei(ny+n,

—my—Mmy)p—i(n,—my)A ],

Q(¥/2,6,A¢)=[azexp—i¢)+alexpli¢)]/2"
=08 y/2)q1( ) +sin(y/2)0x(p— A ),

(6)
€
andr 122(Q; y/2) is a known function(See[9] for graphed
where the familiar single-mode quadrature operators ar%xamSlels).
qi(0)=[a; exp(~i6)+aj exp(6) )22 fori=1,2. From the measured density matrix, all statistical moments

The linear signal-transforming device, which implementsg¢ any two-mode system operators can be deduced by
the GRIPS, can be constructed in several alternate ways. Wraightforward calculation. In fact, if one prefers to obtain
the case of polarization modes, perhaps the most conveniegh|y certain field or number correlatiofisioments, it is not
implementation is to use a pair of liquid-crystal voltage-necessary to reconstruct first the full density matrix and then
controlled variable phase retarders, as shown in Fib).1 compute the moments. It is possible to obtain directly the
The beam first passes through a retarder whose fast axis dsired moments by measuring quadrature data at only a
parallel to the horizontal axig@efined, in this case, as tlg small set of judiciously chosen values 9\, [16].
mode. This results in a controllable relative-phase shi Finally we point out that the new GRIPS method may be
between the vertically and horizontally polarized modesapplied to the characterization of the quantum polarization
Then the beam passes through the second retarder whose fafte of a light beam, which has been defined in terms of a
axis is set at 45° from the vertical direction and whose fastzertain subset‘polarization sector’) of the entire two-mode
slow phase shift isy. Following this, the beam enters a po- density matrix[12]. In that case the quadrature histograms
larizing beam splitter, which separates the beam into a horigre collected while randomizing the phagef the LO, since
zontally polarized modeaz) and a vertically polarized mode the overall phase is irrelevant to determining polarization

(a4). The horizontally polarized modea§) is given by properties. The relative-phase-shift parameief must be
systematically stepped, and quadrature data collected for
as=exp(i y/2){a, cog y/2) eaf:h §etting, sincA¢ cqrrespo_nds to the phage b_etyveen po-
larization components in the signal beam, which is important
+a,sin(y/2)exd i (A ¢+ w/2)]}. (4)  in determining polarization.
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The method of the generalized rotations in phase space tsr lasers. It has come to our attention that a related method
currently being implemented in experiments in our laborahas recently been independently proposed by D’Ariano, Sac-
tory to study the polarization properties of two-mode chi. and Kumaf17].
quadrature-squeezed light, as well as light emitted from op- e wish to acknowledge support for this work from the
tically pumped, vertical-cavity surface-emitting semiconduc-National Science Foundation.
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