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Observation of Moving Wave Packets Reveals Their Quantum State
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We show how to infer the quantum state of a wave packet from position probability distributions
measured during the packet’'s motion in an arbitrary potential. We assume a nonrelativistic one-
dimensional or radial wave packet. Temporal Fourier transformation and spatial sampling with respect
to a newly found set of functions project the density-matrix elements out of the probability distributions.
The sampling functions are derivatives of products of regular and irregular wave functions. We note
that the ability to infer quantum states in this way depends on the structure of the Schrdodinger equation.

PACS numbers: 03.65.Bz, 03.65.Db

Quite generally, physics distinguishes between the dystate of an electromagnetic oscillator from (positionlike)
namical law and the state of a system. The state contairfeeld-quadrature distributions measured using homodyne
the complete statistical information about an ensemble ofletection. In this case the timelike evolution of the
physical objects at a particular moment, while the dynamsystem is brought about by phase shifting. So far these
ical law determines the change of the status quo at thmethods and other feasible schemes to reconstruct the
next instant of time. In this general picture, quantum me-quantum states of wave packets [4—7] have been restricted
chanics makes another Cartesian-like separation: quantutm harmonic oscillators or free particles. Only in these
states and observable quantities are distinct. There is mmases does the Wigner function evolve in time as a
way, for instance, to observe directly Schrdodinger's waveclassical phase-space density, i.e., by simple shearing
function ¢ (x, r) for a mechanical system at positisrand  or rotation, and only in these cases the quantum state
timez. All that quantum mechanics allows us to measurecan be reconstructed by means of classical tomography
are expectation values, for example, the position probatknown, for instance, from medical computer-assisted
bility distribution | (x, £)|>. In a typical pump-probe ex- tomography).
periment, for instance, a Schrddinger wave packet is first Can we infer the state of a wave packet moving
prepared in a certain initial state, then it is left to evolvein an arbitrary potential from position measurements in
according to the dynamical law of the system, and finallytime? This would be extremely useful for state measure-
the positionx is measured at time. By repeating this ments of anharmonic molecules [8,9], of wave packets
procedure many times sufficient statistical information isin semiconductor quantum wells [10], or of electronic
gained about the position probability distribution. wave packets in atoms [11], to name just a few exam-

Can we use the dynamical law to infer the state of gles. In case of anharmonic potentials the evolution of
moving wave packet after position measurements havthe Wigner function does not obey classical laws anymore
been performed? In molecular emission tomography [1][12]. The dynamical equation contains infinitely many
for instance, the quantum state of a molecular vibratiorspatial derivatives which correspond to the complicated
has been determined from its elongation encoded imeshaping of the Wigner function as quantum-interference
the time-evolved fluorescence spectrum. The Wigneeffects (wave-packet collapses and revivals [9]) come into
function of the vibrational state (which contains the sameplay. As a consequence, classical tomography cannot be
information as the density operator) was reconstructedsed anymore to infer the quantum state. However, the
using the inverse Radon transformation [2]. Also opticalvery nature of quantum mechanics offers an alternative
homodyne tomography [3] is a method to reconstruct thend truly quantum way ohontomographicstate recon-
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struction. As described in this Letter, the superpositiorof these terms. A harmonic oscillator, for instance, has an

principle combined with the structure of the Schrédingerequidistant spectrum and produces infinitely many terms

equation allows us to reveal the quantum state of a mowescillating at identical frequency differences pmr(x, 1).

ing wave packet from position observations. In any case, all eigenstates contribute at least to the zero-
Suppose we can measure the position probability distrifrequency component which contains the main-diagonal

bution pr(x, r) of a one-dimensional nonrelativistic wave elementsp,,, of the density matrix.

packet moving in an arbitrary stationary potentiadx). How can we extract the density-matrix elements? We

The case of radial motion in a centrally symmetric potenwould like to have functiong,.,(x) which areorthogonal

tial is considered below. Using the quantum-mechanicalo products of wave functiong, (x)#,(x), provided the

superposition principle we express the state of the systefinrequency constrain6) is given,i.e.,

at timer = 0 in the energy representatien,, of the den- oo

Slty Operatorﬁ: lpy.(x)lpv(x)fmn (X) dx = Bmy, 5;11/ . (7)
pom = (mlpln), (L) -

with |n) being the energy eigenstates of the systemSampling the spectrally decomposed probability distribu-
This has the great advantage that the position probabilition pr(x, ,, — w,) with respect to the functiong,.,, (x)
distribution pr(x, t) is spectrally decomposed into terms would then produce the density matrix

oscillating at differences of eigenfrequencies

Pr6 D) = punthn (O (x) eXd—i (0n — @,)i]. Pmn = f Prx, on = @n)fm(x)dx. (8)

)
Here ¢,(x) denotes the wave function of the energy Surprisingly, the sampling functiong,.,(x) turn out to
eigenstate|n). Since the potentialU(x) is real, the be very simple. They are just derivatives of regular and
eigenfunctions can be chosen to be real as well. Wéregular wave functions [14,15]
assume that only the discrete part of the energy spectrum
is excited. Since none of the discrete levels is degenerate Fon(x) = 0l () @n(x)]. (9)
[13], Sec. 214,(x) is the only normalized solution of the

stationary Schrodinger equation with eigenfrequeagy ) . ) i
What are irregular wave functions? Any linear differ-

[_% 92 + U(x):|¢n(x) = wathn(x) . 3) entiallequation of second order su_ch as the Schrbdi_nger
equation (3) must have two linearly independent solutions
for a given frequencyw,: one is the regular wave func-
(For simplicity the mass and are set to unity. This tion ,; the other fundamental solutioq, is calledir-
can always be achieved by a proper rescaling of physicakgular. Since the stationary statbs are nondegenerate
units. In this Letter & or a prime symbolizes differenti- [13], Sec. 21,¢, cannot be normalizable ag, is, and it
ation with respect tar.) must be discarded as a physical state. Nevertheless, irreg-
After watching the motion of the wave packet andular wave functions have been used in scattering theory
measuring the position distribution we should perform g16], and this Letter shows yet another important physical
Fourier transformation opr(x,t) to obtain a spectrally application of these mathematical constructions [17].

decomposed probability distribution The proof of our key theorem (7) and (9) is inspired
- by the same principal idea as in the classic orthogo-
prx, 0w, — w,) nality proof for eigenfunctions of Hermitian operators
| v [13], Sec. 3. As an additional ingredient, we will per-
= lim — exd—i(w, — w,)t]dl (4 sistently use partial integration and take advantage of the
T [—T/Z prix.texd ~i(o wn)t]dt (4) Schrédinger equation (3) and the frequency constraint (6).
First, we derive from the stationary Schrddinger equation
= > PP, (x), (5)  (3) two Schrodinger-like equations, one for the product of
mv the wave functions,
m;?rez’ indicates a sum restricted to valueswafr such 32(‘1’#‘//1/) =2U,, b, + 2¢’L¢L’ (10)

Wy — W, = Wy — @, (6) and another fod (., ¢»),

3 _ /
Terms oscillating at one particular frequency difference O (Wmen) = AUnn0Wmen) + AU o
o, — w, are singled out. Note that there might be many —2wm — ©,)Whn s (11)
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with the modified potential intermediate result
+oo
Um =2U — 0w, — w,. (12) H;f;’;l = ] |:_2¢/m§0na(¢;,,¢,/,) + V;“;Wmni|dx (21)
We introduce the generalized Wronskians We integrateV;Lmen by parts, use
Wi = lﬂmQD;l - lﬂ,/nQDn (13) _a(lﬂ;,’lﬁ,/,) = _U,uva(lpy.‘pv) + (w,u - wV)V/.LV (22)
and and again the frequency constraint (6) together with
relation (15) of the WronskiaiWv,,, to obtain the final
Vi = duth, — ¥ . (14)  result
+oo

It is easy to see from the Schrédinger equation (3) that Hiv = =2 o Yn@nUun0Wuihy) dx

the derivatives of the Wronskiarg,,, andV,, obey the +o0
relations = +2[ by (Uprd + 2U )@ dx.  (23)

[— _
Win = 2(@n = @n)in @n (15 We insert this expression fd#”" into Eq. (19) and see

immediately from the definition (12) that
and
2A0m + 0, — 0, — ©,)G,; =0. (24)
V,l/“/ = 2(6()# - wv)lp,ulpv- (16)
This means that if the sums,, + w, andw, + w, are

To prove the orthogonality ofy,, and (f,,¢,) we  NOt equal Gy, must vanish. Since the differences, —

abbreviate the scalar product of both functions by w, and w, — w, coincide according to the frequency
o constraint (6)G},; must be proportional té,,,, andd, .
Gy = f Wty (P @) dx (17) What happens whem = u and n = v, i.e., when

—o w, + 0w, — w, — o, =0? First, we note that accord-

_ _ ing to Eqg. (15) the Wronskiaiw,,, is a constant (as it
and replace the product of the wave functigng), using  is well known for solutions of the Schrédinger equation).

the first Schrodinger-like equation (10): We differentiatey,, ¢, in G*, and use the Wronskian
+oo and the normalization of the regular eigenfunctign to
Aw, + w,)Gy, = f AU, — az(lﬂulﬂp) obtain
w 1ol +o©
2 0Wmen) dx. G = [ Ynend Wt dx + W (25)

(18) -

On the other hand, partial integration in the definition (17)
Then we integrate by parts to move the differentialpf G™ gives

operatord? to the sampling functiomd (i, ¢,,) and apply Yoo
the second Schrddinger-like equation (11). In this way G = — Ym @nd(Wmihy) dx . (26)
we obtain =
—+oo . . .
mn _ _ _ Adding Egs. (25) and (26) implies thaG"" must equal
+ — / g Eq mn
Ao + @,)Gy, o V(AU = 4Upnd = 4U) the WronskiarW,,,. So if we require that
X Ymendx + Hyy, (19)

‘r//n‘Pr/z - ‘r//rIzQDn =2, (27)
with the additional term
+oo the theorem (7) and (9) is proven. Equation (27) plays the
Hp = zf [0, 0 (@) role of a normalization for the irregular wave functions
—o ¢n. Itindicates thaty, and ¢, must indeed be linearly
+ (0 — 0)Yuthy, Winldx . (20) independent since otherwise their Wronski&p, would
vanish. We note that apart from the restriction (27) any
To evaluateH}'; we integratey, i, 0(¥,¢,) by parts; irregular wave functiong, can be chosen as long as
we utilize the frequency constraint (6) and the relationit satisfies the stationary Schrodinger equation (3). We
(16) of the generalized Wronskiavi,, to arrive at the also note that we could as well usée,,,) instead of
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(¢, ,) as a sampling functiorf,,,. We could easily lated from the environment so that Schrédinger dynamics
modify our proof to show that(¢,,#,) is also orthogonal is valid.

to the product of the wave functiong, and ¢,. The In summary, watching a one-dimensional wave packet
actual choice of the sampling functions is a matter ofmoving in an arbitrary potential reveals the quantum state
numerical convenience. of the packet. An experimentalist needs to measure the

We have used partial integration to prove our theo-osition probability distribution during a sufficiently long
rem (7) and (9) which means that it is valid if quan-time interval, to perform a temporal Fourier transforma-
tities such asf,, ¢, U, .4, decay fast enough at the tion, and to integrate with respect to a set of spatial
boundaries— and +c0. That this is correct can be seen sampling functions. The sampling functions are deriva-
from the known asymptotic behavior of one-dimensionaltives of products of regular and irregular wave functions,
wave packets [13], Sec. 21. On the other hand, we mags we have shown in a new theorem on the station-
extend our state-reconstruction procedure to other sysry Schrédinger equation. This method could become a
tems as long as they are described by one-dimensionpbwerful tool wherever experimentalists encounter one-
Schrddinger equations with proper boundary conditionsdimensional or radial wave packets.

This is the case if there is a symmetry reducing both Our theorem depends critically on the structure of the
the dynamical law and the quantum state to a quasi-oneéschrddinger equation. We may as well turn the tables
dimensional problem. A good example is a radial waveand ask whether this result was a coincidence or a
packet moving in a centrally symmetric potentid(r).  principle. Has nature chosen the Schrddinger equation
As it is well known [13], Sec. 32, radial wave functions so that the states of physical objects can be inferred

R, (r) can be mapped into solutions from measurement? Or, in other words, what are the
conditions imposed on dynamical laws such that quantum
Pa(r) = rRy(r) (28)  states can be reconstructed?
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